In this paper we find explicit formulas for the Poisson semigroups associated to the modified Bessel operator, the Schrödinger operator with the Morse potential on IR and on the hyperbolic spaces IH n .
Introduction
In the last decades the Poisson semigroups for many second differential operators have been studied and computed explicitly and there is many interesting papers published in this area of reaserch. The differential operators of Bessel type, the Schrödinger operator with Morse Potential and the Laplace-Beltrami operator on the hyperbolic space are known as very important operators in analysis and its applications. For recent works on Bessel operator (see [2, 3, 7, 14] ). The Schrödinger operator with Morse potential is considered more recently by [10, 1, 4, 5, 13] . This paper deals with the Poisson semigroups associated to these second order differential operators.
The main objective of this paper is to solve explicitly the following three Poisson problems L a u(y, x) = − ∂ 2 ∂y 2 u(y, x), (y, x) ∈ IR + × IR u(0, x) = u 0 (x),
and
where
are respectively the Bessel operator on IR + , the Schrödinger operator with the Morse potential on IR and the Laplace-Beltrami operator on the half space model of the hyperbolic space IH n .
Poisson semigroup associated to Bessel operator
In this section we give explicit formulas for the Poisson semigroup associated to the Bessel operator and for this we prove the following theorem.
Theorem 2.1. If a ∈ IR * the problem (2.1) has the unique solution given by
and K 1 is the modified Bessel functions of second kind.
Proof. To see that the function u(y, x) satisfes the partial differential equation in (2.1) set ϕ(y, x, x ′ ) = φ(z) with z = x 2 + x ′2 − 2xx ′ cos y, then we have
and we see that the first equation in the problem (2.1) is equivalent to
This is a particular case of Lommel differential equation for modified Bessel functions
with α = 0, ν = 0, β = 1 and γ = 1/2, and an approprite solution is φ(z) = cK 0 (z 1/2 ) where K 0 is the modified Bessel function of second kind.
That is φ(z) = cK 0 |a| x 2 + x ′2 − 2xx ′ cos y is a solution of the equation (2.1). Using the formula
also satisfies the Poisson equation in (2.1). To finish the proof of Theorem 2.1 it remain to show the limit conditions. For this set
2xx ′ − cos y) and x = e X and x ′ = e X ′ to obtain
+ sin 2 (y/2)} in (2.1) and we can write
Inserting this in the formula (2.8) and setting sinh
Now we use the asymptotic formula for the modified Bessel function of second kind see Lebedev [8] 
and this finishes the proof of Theorem 2.1.
Poisson equation with Morse Potential
The main objective of this section is first to solve the Poisson problems (1.2) associated to the Schrödinger operator with Morse potential on the real line IR Theorem 3.1. For a real number the problem (1.2) has the unique solution given by
with
where K 1 is the modified Bessel functions of second kind
Proof. Set X = ln x the problem (1.2) is transformed into the problem (2.1) and it is not hard to see the result of theorem (2.1).
Poisson equation on the hyperbolic space
In this section we consider the Poisson equation on the hyperbolic space modelled by the upper half space: IH n = {z = (x 1 , x 2 , ...x n ) ∈ IR n , x n > 0} endowed with the usual hyperbolic metric
the metric ds is invariant with respect to the group G = SO(n, 1) with the hyperbolic surface form dµ(z)
and the hyperbolic distance ρ(z, z ′ ) given respectively by
with the Laplace-Beltrami operator
Befor giving the main results of this section we prove the following lemma giving the Fourier transform of the Poisson semigroup for the Bessel operator with respct to the parameter |ξ|
is kernel of the Poisson semigroup for Bessel operator given in (2.2)
(4.6)
Proof.
using formula [11] p.365
z n Γ((n + 1)/2) (4.13)
Now with the formula F (a, b, b, z) = (1 − z) −a we obtain the result. 
It is not hard to see that
Set a = |ξ| where ξ = (ξ 1 , ξ 2 , ..., ξ n−1 ) ∈ IR n−1 , and set u(y, x) = x (n−1)/2 n φ(y, x) the problem (4.18) is transformed into
where L |ξ| xn is the Bessel operator (1.4). Using Theorem 2.1 we have using the above formulas the Poisson problem in hyperbolic space is transformed into the Bessel Poisson problem (2.1) with u(y, x) = x −(n−1)/2 n F v(y, x n )(a 1 , a 2 , ..., a n−1 ) and we have for Proof.
